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Abstract
Using 1-min returns of Bitcoin prices, we investigate statistical properties and
multifractality of a Bitcoin time series. We find that the 1-min return distribu-
tion is fat-tailed, and kurtosis largely deviates from the Gaussian expectation.
Although for large sampling periods, kurtosis is anticipated to approach the
Gaussian expectation, we find that convergence to that is very slow. Skewness
is found to be negative at time scales shorter than one day and becomes consis-
tent with zero at time scales longer than about one week. We also investigate
daily volatility-asymmetry by using GARCH, GJR, and RGARCH models, and
find no evidence of it. On exploring multifractality using multifractal detrended
fluctuation analysis, we find that the Bitcoin time series exhibits multifractality.
The sources of multifractality are investigated, confirming that both temporal
correlation and the fat-tailed distribution contribute to it. The influence of
”Brexit” on June 23, 2016 to GBP–USD exchange rate and Bitcoin is examined
in multifractal properties. We find that, while Brexit influenced the GBP–USD
exchange rate, Bitcoin was robust to Brexit.
Keywords: Bitcoin, Multifractality, Generalized Hurst Exponents, Volatility
Asymmetry
1. Introduction
In 2008, Bitcoin was first proposed as a cryptocurrency in a paper by Satoshi
Nakamoto[1], who is still unidentified. His proposal was quickly accepted, and
at the beginning of 2009, the Bitcoin software, ”Bitcoin Core,” was distributed,
and a ”genesis block,” the first block of a block chain, was created. Since then,
the Bitcoin system has been maintained without any critical problems, proving
its robustness. The Bitcoin network is a peer-to-peer network that allows online
payments without any central institutions. The block chain used in Bitcoin
is a key technology for maintaining a decentralized system; it can be utilized
not only for cryptocurrencies, but also in other financial fields. In recent years,
the importance of block chain technology has been recognized widely as a core
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technology of FinTech, and extensive research has been conducted to achieve
new distributed platforms for financial institutions[2, 3].
Bitcoin price properties have also received attention, leading to analysis of
various related issues, such as time series analysis using economic models, such
as GARCH-type models[4, 5]; statistical properties of Bitcoin prices[6, 7]; in-
efficiency of Bitcoin[8, 9]; hedging capabilities of Bitcoin[10, 11]; speculative
bubbles in Bitcoin[12]; the relationship between Bitcoin and search queries
on Google trends and Wikipedia[13]; and so forth. The Hurst exponent of
the Bitcoin time series was also obtained using detrended fluctuation analysis
(DFA)[14], and was found to be time-dependent, reaching close to 0.5 after
2014[6].
In this paper we focus on the multifractal property of Bitcoin, which is
unaddressed by current literature. To explore the multifractal property of
Bitcoin, we calculate the generalized Hurst exponent using multifractal de-
trended fluctuation analysis (MF-DFA)[15] by using 1-min return data. The
MF–DFA, which is an extended method of DFA, can investigate multifractal
properties of non-stationary time series, and has been successfully applied for
a variety of financial markets, such as stock [16, 17, 18, 19, 20, 21, 22, 23],
commodity [16, 24, 25, 26, 27], tanker [28], derivative [29], foreign exchange
rates[30, 31, 32, 33, 34], and electricity markets[35]. An especially interest-
ing application of multifractal analysis is measuring the degree of multifrac-
tality of time series, which can be related to the degree of efficiency of finan-
cial markets[36, 37, 38, 39]. However, whether the efficient market hypothesis
(EMH)[40] holds for actual markets is still under debate. The multifractal mea-
sure could give us another insight into the EMH. Besides multifractal analysis,
we also investigate some properties of high-frequency Bitcoin time series, such
as autocorrelation of (absolute) returns, kurtosis, skewness, and volatility per-
sistence. For other financial assets, these properties have been extensively inves-
tigated, and some stylized facts have been observed, such as ”fat-tailed return
distribution,” ”volatility clustering,” and ”long memory of absolute return”[41].
We investigate whether these stylized facts hold for Bitcoin time series.
The rest of this paper is organized as follows. Section 2 describes the data,
and presents the results of statistical properties. In section 3, we introduce MF–
DFA, and in section 4, we present its results. In section 5, we compare Bitcoin
with GBP–USD exchange rate using multifractal analysis. Finally, we conclude
our study in section 6.
2. Data and its Statistical Properties
The Bitcoin data used in this study are based on a 1-min Bitcoin price in-
dex (BPI) created by Coindesk[42] from January 1, 2014 to December 31,2016.
Launched in September 2013, the BPI is produced using a simple average across
several Bitcoin exchanges that match Coindesk’s requirements. Although Coin-
desk provides the BPI before September 2013 using Mt.Gox prices as BPI, we do
not use that data in this study to avoid possible changes in the price properties,
which might especially occur for high-frequency data.
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Figure 1: 1-min return distribution.
Let P (t), t = 1, 2, ..., N be the time series of BPI and the return r(t) given
by a logarithmic price difference, r(t) = logP (t)− logP (t−∆t), where ∆t is the
sampling period. Fig.1 shows the distribution of returns sampled at ∆t = 1-
min, where the returns are normalized to a zero average with unit variance.
The return distribution clearly exhibits a fat-tailed tendency. Note that daily
Bitcoin returns also show a fat-tailed tendency[7].
Fig.2(a)–(c) show the autocorrelation function (ACF) of returns for the pe-
riods of 2014, 2015, and 2016, respectively. The ACF of returns quickly de-
creases as the time lag (min) increases, and goes to zero at around 5-min, which
means that the autocorrelation of returns is very short ranged. Then the ACF
overshoots zero, and becomes negative around 5-min to 10-min. The similar
behavior that the ACF overshoots zero is seen for the high-frequency returns of
the DAX index[43]. At the 1-min time lag, however, we also observe a negative
autocorrelation for 2014, and this might indicate that the times series properties
of 2014 differ from those of other years. This could be related to the observation
in Ref.[6] that the Hurst exponent changes in 2014. Fig.2(d) shows the ACF of
returns for the full sample (2014–2016), and a negative autocorrelation is also
observed at the 1-min time lag.
Fig.3 shows the ACF of absolute returns for the 2014–2016 period. For the
periods of 2014, 2015, and 2016, we find the results are very similar to those of
2014–2016. Thus, we present only the results of 2014–2016 as representative. It
is seen that the ACF follows a power law function, indicating that Bitcoin has
a long memory property in absolute returns. After fitting the data to a power
law function ∼ t−µ, we obtain µ ≈ 0.16.
For larger sampling periods, we might expect that the return distribution
approaches a Gaussian distribution. However, the convergence to the Gaussian
distribution is very slow, as seen in Fig.4, which shows kurtosis as a function
of the sampling period ∆t. Fig.4 indicates that a sampling period of at least
3
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Figure 2: The ACF of returns: (a) 2014, (b) 2015, (c) 2016, and (d) 2014–2016.
1 10 100 1000 10000
time lag
0.01
0.1
1
AC
F
Figure 3: The ACF of absolute returns for 2014–2016 data.
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Figure 4: Kurtosis as a function of ∆t.
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Figure 5: Skewness as a function of ∆t.
several weeks is needed to approach a Gaussian distribution.
Fig.5 shows the skewness of returns as a function of ∆t. As seen in Fig.5
(left), we observe negative skewness at small ∆t shorter than one day. On the
other hand, at large ∆t longer than about one week, as in Fig.5 (right), the
skewness is statistically consistent with zero within 1-sigma error. For daily
returns, we obtain skewness of -0.779(31). The negative skewness of Bitcoin
prices at time scales shorter than one day agrees with the previous results[44, 6].
To investigate the persistence and asymmetry of volatility, we make a volatil-
ity inference using several volatility models. It is commonly observed that
volatility is clustered and persistent for various assets. Furthermore, for certain
assets, the volatility process shows a higher response to negative returns. This
property of volatility is called volatility asymmetry. Volatility asymmetry is
especially common for stock price returns. In this study, we use the generalized
autoregressive conditional heteroskedasticity (GARCH)[45], GJR–GARCH[46]
and Rational GARCH (RGARCH)[47] models, for which volatility processes σ2t
at time t are given as follows.
• GARCH model
σ2t = ω + αr
2
t−1 + βσ
2
t−1, (1)
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Table 1: Results of parameters. The values in parenthesis show the standard deviation.
GARCH GJR RGARCH
α 0.114(18) 0.116(19) 0.116(19)
β 0.878(19) 0.874(20) 0.875(20)
ω 0.239(78) 0.247(82) 0.249(80)
δ — 0.008(18) —
γ — — 0.0053(47)
AIC 5539.50 5537.97 5541.55
DIC 5535.68 5542.94 5536.73
• GJR–GARCH model
σ2t =
{
ω + αr2t−1 + βσ
2
t−1, rt−1 ≥ 0,
ω + (α+ δ)r2t−1 + βσ
2
t−1, rt−1 < 0,
(2)
• RGARCH model
σ2t =
ω + αr2t−1 + βσ
2
t−1
1 + γrt−1
, (3)
where the daily return rt is defined by rt = σtt and t ∼ N(0, 1). The daily
return data are given by rt = 100 × [logP (t) − logP (t −∆t)] with ∆t = 1440-
min. The model parameters to be estimated are α, β, ω, δ and γ. The GARCH
model is a symmetric volatility model, while the other two are asymmetric
volatility models, where the parameters of δ and γ measure the strength of the
asymmetry. For parameter estimations, we use Bayesian inference performed
by the Markov Chain Monte Carlo simulations[48, 49, 50]. Table 1 reports the
results of parameter estimations, together with the Akaike information criterion
(AIC) and deviance information criterion (DIC)[51]. First, it is found that α+β
is close to one, which means that volatility is persistent over time. Second, we
find that δ and γ are very small or consistent with zero, which indicates that
volatility asymmetry is small. The small size of δ and γ is consistent with the
values of α, β and ω over the models being very similar to each other. These
findings conclude that the asymmetry of volatility is small for daily returns. For
small asymmetric volatility, all three models will be approximately identical. It
turns out that the results of AIC and DIC are very similar among models, which
is consistent with the fact that the three models are approximately identical.
Previous results[44] also provide no evidence of asymmetric volatility except for
the period before the price crash observed in 2013. Moreover, the analysis of
the exponential GARCH model Ref.[4] also concludes that Bitcoin time series
does not have an asymmetric impact on the volatility of returns.
3. Multifractal Analysis
Following the MF–DFA in Ref.[15], we investigate multifractality of the Bit-
coin time series. The MF–DFA is described as follows.
6
(i) Determine the profile Y (i),
Y (i) =
i∑
j=1
(r(j)− 〈r〉), (4)
where 〈r〉 stands for the average of returns.
(ii) Divide the profile Y (i) into Ns non-overlapping segments of equal length
s, where Ns ≡ int(N/s). Since the length of the time series is not always a
multiple of s, a short time period at the end of the profile may remain. To
utilize this part, the same procedure is repeated starting from the end of the
profile. Therefore, in total 2Ns segments are obtained.
(iii) Calculate the variance
F 2(ν, s) =
1
s
s∑
i=1
(Y [(ν − 1)s+ i]− Pν(i))2, (5)
for each segment ν, ν = 1, ..., Ns and
F 2(ν, s) =
1
s
s∑
i=1
(Y [N − (ν −Ns)s+ i]− Pν(i))2, (6)
for each segment ν, ν = Ns + 1, ..., 2Ns. Here, Pν(i) is the fitting polynomial to
remove the local trend in segment ν; we use a cubic order polynomial.
(iv) Average over all segments and obtain the qth order fluctuation function
Fq(s) =
{
1
2Ns
2Ns∑
ν=1
(F 2(ν, s))q/2
}1/q
. (7)
For q = 0, the averaging procedure in Eq.(7) cannot be directly applied. Instead,
we employ the following logarithmic averaging procedure.
F0(s) = exp
[
1
4Ns
2Ns∑
ν=1
ln(F 2(ν, s))
]
. (8)
(v) Determine the scaling behavior of the fluctuation function. If the time
series r(i) are long-range power law correlated, Fq(s) is expected to be the
following functional form for large s.
Fq(s) ∼ sh(q). (9)
The scaling exponent h(q) is called the generalized Hurst exponent. For q = 2,
h(2) corresponds to the well-known Hurst exponent H. If h(2) < 0.5, the time
series is anti-persist and if h(2) > 0.5, it is persistent. For h(2) = 0.5, the time
series becomes a random walk. The relationship between the generalized Hurst
exponent and the multifractal scaling exponent τ(q), defined from the standard
multifractal formalism, is given by[15]
τ(q) = qh(q)− 1. (10)
7
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Figure 6: The fluctuation function Fq(s) for (a) original data, (b) randomly shuffled data,
and (c) surrogate data in 2014–2016. The results are plotted from q = −25 (bottom) to q = 25
(up) with a step of 1.0.
The singularity spectrum f(α), which is another way to characterize a multi-
fractal time series, is defined by
α = h(q) + qh′(q), (11)
f(α) = q[α− h(q)] + 1, (12)
where α is the Ho¨lder exponent or singularity strength.
4. Results
First, we present results analyzed using the whole dataset from January 1,
2014 to December 31, 2016. Although we analyzed returns in several sampling
periods up to ∆t = 30-min, we obtained substantially the same results in each
analysis. Therefore, we show only the results at ∆t = 1-min. In calculating the
fluctuation function Fq(s), we take q varying between -25 and 25, with a step
of 0.2. Fig.6(a) shows Fq(s) in a log-log plot. The slope changes depending
on q, which indicates the multifractal property of the time series. It has been
pointed out that multifractality emerges not only because of temporal correla-
tion, but also because of the broad probability density[15]. As seen in Fig.1,
the Bitcoin return distribution turns out to be fat-tailed, and this distribution
could contribute to the multifractality of the time series. To investigate the
8
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Figure 7: (a) The generalized Hurst exponent h(q), (b) singularity spectrum f(α), and (c)
multifractal scaling exponent τ(q) for 2014–2016.
components of the multifractality, we calculate the fluctuation function for the
randomly shuffled time series, in which any temporal correlations have been
removed, but the same distribution has been preserved. We also do the same
calculation for the phase-randomized surrogate data. The phase randomization
eliminates nonlinearities, preserving linear properties of the original time series
data[52]. Fig.6(b) and (c) present the fluctuation function for the shuffled time
series and surrogate data, respectively. The figures show that the variability of
the slope decreases for the shuffled time series and surrogate data.
To quantify the degree of multifractality, we calculate the generalized Hurst
exponent h(q), singularity spectrum f(α), and multifractal scaling exponent
τ(q). We extract h(q) by fitting to a power law function in the range of 3000 ≤
s ≤ 270000 (100 ≤ s ≤ 100000) for the original data and shuffled data (surrogate
data). Fig.7(a), (b), and (c) show h(q), f(α), and τ(q), respectively. We find
that, compared to the original data, the variability of h(q), f(α), and τ(q)
for the shuffled data decreases for the shuffled data, which indicates that the
broad probability distribution is not the only source of the multifractality of the
original data. The variability of h(q), f(α), and τ(q) for the surrogate data is
found to be much narrower than others, which indicates that the nonlinearities
of the original data also contribute to the multifractality.
Following Ref.[15, 17], we examine the strength of multifractality from the
temporal correlation by decomposing the generalized Hurst exponent into h(q) =
hcorr(q) + hsh(q), where hcorr(q) and hsh(q) are the correlation-induced Hurst
9
Table 2: Results of h(2), ∆h,∆hcorr, ∆hsh, ∆hsu and R.
2014-2016 2014 2015 2016
h(2) 0.475 0.461 0.460 0.505
∆h 0.665 0.798 0.545 0.613
∆hcorr 0.434 0.640 0.360 0.429
∆hsh 0.231 0.158 0.184 0.173
∆hsu 0.120 0.053 0.104 0.099
R 1.88 4.06 1.96 2.47
exponent and the Hurst exponent for shuffled time series, respectively. We also
measure the Hurst exponent for the surrogate data as hsu(q). We examine the
degree of multifractality by the variability of h(q) defined by
∆h ≡ h(qmin)− h(qmax), (13)
and then, compare the degree of the exponents by the ratio R = ∆hcorr/∆hsh.
The results of ∆hcorr, ∆hsh, ∆hsu, and R, together with the Hurst exponent
h(2), are presented in Table 2 ( the first column ). We find that the multifractal
degrees of the shuffled and surrogate data, namely, ∆hsh and ∆hsu, are smaller
than that of the original data. The value of R turns out to be greater than
one, which indicates that the temporal correlation contributes to multifractality
more than the fat-tailed distribution. This result is similar to that obtained for
high-frequency stock data[17].
Next, we analyze year-by-year data dividing the full sample into three peri-
ods: 2014, 2015, and 2016. The fluctuation functions of the original data and
shuffled data (surrogate data) are fitted to a power law function in 3000 ≤ s ≤
90000 (100 ≤ s ≤ 20000). Fig.8–10 show h(q), f(α), and τ(q) for the 2014,
2015, and 2016 periods, respectively, and we list the multifractal degrees, R and
h(2), in Table 2. The variabilities of h(q) and f(α) for 2014 are larger than
those for 2015 and 2016. A similar observation is found in ∆h and ∆hcorr;
namely, ∆h and ∆hcorr for 2014 are larger than those for 2015 and 2016, which
indicates that the degree of multifractality for 2014 is stronger than those for
2015 and 2016. Moreover, the temporal correlation in 2014 contributes to the
multifractality more than those in 2015 and 2016.
5. Comparison with GBP–USD Exchange Rate
In this section, we analyze the multifractality of GBP–USD exchange rate.
The data analyzed are the time series of 1-min GBP–USD exchange rate for
the time period from January 3, 2016 to December 20, 2016[53]. We focus
on the year 2016 in which a referendum on the prospective withdrawal of the
United Kingdom from the European Union (EU) was taken on June 23, and
majority voted to leave the EU. This incident is also referred to as ”Brexit.”
We investigate whether Brexit influences properties of GBP–USD exchange rate
and Bitcoin time series.
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Figure 8: (a)The generalized Hurst exponent h(q), (b) singularity spectrum f(α), and (c)
multifractal spectrum τ(q) for 2014.
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Figure 9: (a)The generalized Hurst exponent h(q), (b) singularity spectrum f(α), and (c)
multifractal spectrum τ(q) for 2015.
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Figure 10: (a)The generalized Hurst exponent h(q), (b) singularity spectrum f(α), and (c)
multifractal spectrum τ(q) for 2016.
In Fig.11, we shows h(q), f(α), and τ(q) for the original, shuffled, and surro-
gate data in 2016. The properties of h(q), f(α), and τ(q) are similar to those of
the Bitcoin time series; namely, the variabilities of h(q), f(α), and τ(q) decrease
for the shuffled and surrogate data, and the broad probability distribution and
temporal correlations contribute to the multifractality of the original data.
To investigate the time evolution of the multifractality, we employ the method
of rolling windows. We calculate the qth order fluctuation function with a win-
dow size of 30 days, and then, determine the generalized Hurst exponent h(q).
Fig.12(a) shows the 1-min GBP–USD exchange rate return time series, and
dynamic evolution of ∆h and h(2). It is found that there are large changes
in returns around ”Brexit,” and the multifractal degree ∆h shows a spike-like
change. The Hurst exponent h(2) also changes and increases at Brexit. These
observations indicate that Brexit does influence the GBP–USD exchange rate.
We do the same analysis for Bitcoin time series in 2016. Fig.13 shows the
1-mine returns, dynamic evolutions of ∆h and h(2) for Bitcoin time series in
2016. While there is a volatile period in return time series around Brexit, we
find no clear response to Brexit in ∆h and h(2). Thus we argue that in contrast
to the GBP–USD exchange rate time series, the Bitcoin time series was robust
to Brexit on June 23, 2016.
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Figure 11: (a)The generalized Hurst exponent h(q), (b) singularity spectrum f(α), and (c)
multifractal spectrum τ(q) for the GBP–USD exchange rate time series in 2016.
Figure 12: (a) 1-minite GBP–USD exchange rate return time series in 2016. ”Brexit”
indicates the referendum on June 23, 2016. (b) ∆h. (c) h(2).
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Figure 13: (a) 1-min Bitcoin return time series in 2016. ”Brexit” indicates the referendum
on June 23, 2016. (b) ∆h. (c) h(2).
6. Conclusion
We find that the 1-min return distribution is leptokurtic, and the kurto-
sis largely deviates from the Gaussian expectation. Calculating kurtosis as a
function of the sampling period, we find that kurtosis approaches the Gaus-
sian expectation, although the convergence to that is very slow. A sampling
period of at least a few weeks is needed to converge to the Gaussian expec-
tation. Skewness is found to be negative at time scales shorter than one day,
and becomes consistent with zero at time scales larger than about one week.
The ACF of returns is short ranged, and goes to zero at the time lag around
5-min. Then, the ACF overshoots zero, and becomes negative up to around
10-min. This overshooting phenomenon is also seen for the high-frequency re-
turns of the DAX index[43]. Contrary to returns, the ACF of absolute returns
is very long ranged, and follows a power law function. The GARCH, GJR, and
RGARCH models are applied to the Bitcoin time series to investigate the daily
volatility asymmetry. While all the models show the volatility persistence or
volatility clustering, we find no evidence of volatility asymmetry. In many re-
spects, Bitcoin exhibits the similar properties to other assets that are classified
as the stylized facts: fat-tailed return distribution, short ranged autocorrelation
in returns, a power law function of autocorrelation function of absolute returns,
and volatility clustering.
On exploring multifractality using multifractal detrended fluctuation anal-
ysis, we find that the Bitcoin time series exhibits multifractality. The sources
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of the multifractality are investigated, and it is confirmed that both temporal
correlation and the fat-tailed probability distribution contribute to it. We also
find the property of temporal correlation for 2014 is different from that for 2015
and 2016. This finding is verified by the differences in the variability of h(q) and
f(α), and ∆hcorr and R. The results of the autocorrelation of returns, namely,
the different autocorrelations at 1-min time lags between 2014 and other years,
also supports this finding. Ref.[6] found that the Hurst exponent changes in
2014, which indicates properties of time series change. Although the difference
between 2014 and other years could be related to this change of the Hurst expo-
nent, we do not find any facts that cause this change. By examining the market
efficiency of Bitcoin with the Hurst exponent, Ref.[8] finds that the Hurst expo-
nent is less than 0.5, and concludes that Bitcoin time series is ant-persistence,
and thus, inefficient. On the other hand, by analyzing a power transformed
Bitcoin returns, Ref.[9] claims that the transformed Bitcoin returns satisfy the
efficient market hypothesis. Our analysis on Bitcoin reveals that, for the full
sample period (2014–2016), the Hurst exponent h(2) is less than 0.5, and Bitcoin
time series shows the multifractal properties. Therefore, our findings support
the conclusion of Ref.[8]; that is, the inefficiency of Bitcoin.
The influence of ”Brexit” on June 3, 2016 to the GBP–USD exchange rate
and Bitcoin is analyzed in multifractality. We find that Brexit influences the
multifractality of the GBP–USD exchange rate, but no influence is seen in the
multifractality of Bitcoin. Thus, Bitcoin was robust to Brexit.
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